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Abstract. A flexible method is presented for calculating the conductance coefficients
of small multiprobe devices in terms of real-space Green functions in a discretized
space. Within the independent-particle approximation systems with arbitrary magnetic
field and local potential can be dealt with. The method is based on a transparent
analytical formula for the differential current flowing across an interface dividing the
phase-coherent conductor: the Green function is required only on sites at this interface
and for energies at the Fermi surface as T — 0. The derivation of this formula is
refatively simple and based on physical arguments. )

This formula is proved to be equivalent to rigorous linear-response expressions for
conductance coefficients. Iis lower information requirements are particularly important
for the efficiency when calculating the conductance by finite-difference approaches.

1. IntMuction

The understanding of quantum phenomena revealed in mesoscopic physics has re-
quired a new formulation of tramsport properties, suitable to the phase-coherent
regime. A particularly convenient formalism relates [1,2] the conductance coeflicients
to the transmission probabilities between the contacts. Recently, it has been rigor-
ously demonstrated [3,4] that this formalism is equivalent to electrical linear-response
theory, with the by-product of relations between the transmission amplitudes and the
Green function of the system.

In this paper, starting from slightly different physical arguments, new conductance
expressions for the mesoscopic regime are derived in a most direct way. The main
result is a formula for the differential transmission cutrent across an interface in
terms of the Green function at the interface. It is a very general expression for
independent-particle transport between two contiguous systems, owing much to the
scanning tunnelling microscope theory presented in {5]. It is the starting point for
retrieving the expression for the conductance coefficients of a multi-terminal device.

In section 2 the ‘multi-branch’ system is introduced, intended to be an extension
of the multi-lead system. It is worth leaving the freedom for the branch to be other
than a straight ordered lead, since the conductance coeflicient does not depend on
the specific modes but only invoilves Green functions. We can imagine more general
semi-infinite branches for which we know the Green function.

In section 3 the expression for the differential current is derived, in the form of
a two-terminal conductance. In section 4 it is shown how it can be generalized o
multi-terminal conductance coefficients, simply by adapting the boundary conditions
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in order to let the current flow from one branch n to all other branches and retaining
only the contribution to branch m, m # n.

Section 5 is devoted to a comparision with Baranger and Stone’s rigorous expres-
sions for the conductance in the linear-response approximation [4].

The conclusions contain some indications about the numerical implementation of
the method.

2. Multi-branch system, Hamiltonian

The time independent tight binding Hamiltonian H describes a system of non-
interacting spinless electrons with charpe e, at T = 0, subject to an effective potential
V and a magnetic field B characterized by the vector potential A. H is taken to be
of the form

H= Zln)Hn,n(n] + z |n>Hﬂ.,ﬂ.'(n’" (1)

n,n’

where the first sum runs over all lattice sites and the second sum runs over all
the ordered couples of nearest-neighbour lattice sites. (See for example [6] as a
justification for the detailed form of such a Hamiltonian. For the purpose of this
paper only the form of equation (1) matters.)

A finite central region (the probe) is joined by several branches to various
chemical-potential reservoirs at infinity. The geometrical shape and Hamiltonian
matrix elements of the probe are not subject to any constraints. It should be possible
to determine the Green function of the isolated branches on some interface.

The chemical-potential reservoirs conform to the ones originally considered by
Bittiker [2] in his mode! for a multi-terminal conductor. (i) They are large enough
relative to the conductor, for any steady-state current flowing from or to them not to
affect the constant value of their chemical potential, ;. (i) No particle entering the
reservoirs returns to the conductor without an inelastic event {and the reservoirs are
indeed the only part of the system where phase-randomization does occur). (iii) Each
branch reaches its reservoir in such an adiabatic way that the interface between them
generates no additional resistance.

Biittiker [2] let the potentials p; be arbitrary within a narrow enough range
at the Fermi energy, for the energy dependence of the transmission and reflection
probabilities T, , in this range to be negligible, and expressed the current coming
out of each lead m (by means of the standard Landauer counting argument) as

I = £ [T = Wb+ 3 Tonatia] = L e ¥e ®
nEm n

where the identity derived from current conservation 3, T, — N,, = 0 is in force.
(Here N, is the number of quantum channels inlead L. T, = 3. T s Than i
denotes the probability of a carrier incident in lead n in channel j to be transmitted,
or reflected if m = n, into lead mn into channel 1.)

Biittiker’s multi-terminai Landauer formula (2) expresses the current response
of a multi-terminal conductor in terms of applied external voltages on the leads,
V; = p;/e. The crucial feature of Bittiker’s approach is to treat the current and
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voltage probes on equal footing: if a given set of injected currents is fixed instead,
then the corresponding voltage response is found by appropriately inverting equation
2).

Baranger and Stone [4] rigorously derived the electrical linear current response
of a muiti-lead sample with applied constant voltages on the leads at frequency £}
in the limit of © pgoing to zero. The phase-breaking mechanism was introduced
via the infinite perfect leads, which in the linear-response mode!l mimick well the
boundary conditions of large phase-randomizing reservoirs, The scattering version of
their results confirmed Biittiker's multi-terminal Landauer formula (2).

The multi-branch sample chosen here is explicitly attached to chemical potential
reservoirs, allowing a rather physical derivation of the current picture. Putting one
reservoir at an infinitesimally higher potentlal than the others one can deduce the
boundary conditions, which consist of imposing only outgoing states in all other
branches, and then express the transmission currents.in terms of Green functions.
The differential transmission currents, normalized by e~!, therefore represent the
differential conductance response of the sample, g, for m 3 n, when subject to an
externally applied voltage configuration.

3. Two-branch conductance

Choose a finite interface dividing the system into a LHS part A and 2 RHS part B.
Without loss of genenlity, the TB lattice is required to have no lattice sites on the
interface. To calculate the differential conductance from A to B through the interface,
the same procedure as in [5] is used, but extended to a non-symmetric Hamiltonian
produced by the magnetic field.

Define
Hp= Y [n)H, (0 3)
neA, n'éB
t
HO = H{H + HY} @
HO .— g _ gl (5)

H(® is the Hamiltonian corresponding to the systems A and B separated by a hard
wall erected on the interface. P,, shall denote the projection cperator on the lattice
site set M; let I, (Ip) be the set of lattice sites n (n’), contributing a non-vanishing
amount to (3) (roughly speaking they are the TB interface on the A (on the B) side),
see figure 1.

Eigenstates of H(® conﬁned by the hard wall to one side or other form a complete

set. Those on the A side, Icpa )), are of the form,
Pyl = o)  Pale) =0 )

the set of |2} being 2 complete set of eigenfunctions of P, H®) P, on A satisfying

appropriate boundary conditions. |<p£°)), corresponding to the hard wall in place, has
no current sources on the B side, only at co on the A side. When restoring the full
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Figure 1. An arbitrary two-branch system. The dashed line indicates an interface J
dividing it up into two semi-infinite subsystems A and B. No lattice sites are on I. The
circled (crossed) lattice sites indicate the set Jo(Ig), i.e. the lattice-site (TB) version of
I on the A (B) side.

Hamiltonian, H = H(® 4+ H®), and removing the hard wall, the eigenstates ")
of form (6) develop into eigenstates |@,} of H with the same energy =,

[} = (1 4+ GOTH

in particular
Palea) = G5 Taalel)- )
Here the ¢-matrix is defined by
T=H® 4 gUGHD ®
Tpa 1= FTP,.

G and G(® are the causal Green functions of H and H(%), and one can write
GO = P,GOP, + PGBy =: G + G ®

The trick of removing the barrier is going to be used to calculate the current
flowing from A at Fermi energy Ep + €4V to B at Fermi energy Ep: states [(,o(ao))
have sources only in the reservoir at oo in A, and so do |¢,}, since removing the
barrier introduces no new sources,

For the purpose of proof an infinitesimally small absorption mechanism is built
into medium B, by adding on the B side an infinitesimal imaginary component,
—ie, € > 0, to the energy. The idea is that the absorption taking place in B has to
be balanced by the current flowing into B across the interface.

The time independent Schrodinger equation for an eigenstate |¢ ) of the system
(A UB) reads, on the B side,

. 1 [ ?
(E—le)qb:m[-i-V—eA] ¢+ V. (10)

By multiplying equation (10) by ¢*, subtracting from the resulting equation its com-
plex conjugate, and then integrating over B, one obtains

- 2ie/ [q&lzdar = —,] ﬁjtﬁ -nd?s {11)
B 5B €
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with

o gk LY G .

io= 5579 (17 -ca)o+ 550~ Bv-ca)o a2)

being the general expression for the electric current due to the state |¢) in presence
of local and electromagnetic potentials V, A and ¢.

Here OB denotes the surface of B. For the states |¢,) of the form (6), (7),
contributions to the current from the surface at co vanish because of absorption, so
that an expression arises for the current transmitted from A to B due to the state

@)
. . . 2ee
B[ ets=-[ g, 5=-2 [joper. a3y
In 8B
Now the current must be summed over all modes with energies between Fr. and
Eg + €8V so that the current 65T from A to B induced by §V is

2ce

éjT == F (‘PalPBI(Iaa) (14)

*/S‘-E[EF, EF+36V]
The differential conductance is then

2e?e

djT t
954 (Er) = G (Be) = =255 [ da (@AITLGE G Tulet)éte, - Er). 15)

Noticing that

oyt ~0) _ ) leb ) (b b ) (2B ]
G% G(B _./db/db (E—E:—le)(Eb'—s:,-{-if)

1 1
215/dbltpb)<t’ob|( eb+ie_E—eb—ie)
G - ") (16)

216 (
and that

t 1 1
e e =fdﬂtIc,c’f})(sof[(E_‘,S Fie E-¢ —ie)

= [aaledietinim (z—2r)
= - 2ix j da | oA AIS(E ~ ¢,) (17

yields the expression
e? t t
9 =~ Tr [TBTA (Gg) - Gg]) )T (Gfao) - G&O} )] . (18)

Note that, due to the form of the Hamiltonian (1), the four implicit sums in this trace
only run over the interface between A and B (two over I, and two over I).
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4, Multi-branch conductance coefficient

In an N;-branch system, the conductance from branch n to branch m # = is found
in much the same way. Imagine reservoir n is at a chemical potential Ep 4 €6V
while all the others are at Ey, and erect (N, — 1) non-intersecting interfaces J;,[ =
1,..., Ny, # n, each one disconnecting from the system the corresponding branch
{ (subsystem S,), and the whole of them leaving a subsystem connected with reservoir
n, to be called (S, U D), D standing for the disordered part. [ := /Ly ., J; (see
figure 2(2)).

Note, this prescription of how to choose the interface 7 is one among other
possibilities. For example one could choose instead the partition of figure 2(b), which
according to the circumstances could be more advantageous in practical calculations,
where [ is usually taken as short as possible.

Figure 2. (a) Partition of a 6-branch system via interfaces J; (dashed lines)! = 2,...,6,
suitable for calculating the conductance coefficients grmi,m = 2,...,6. (b) Possible
alternative partition of a 6-branch system, suitable for calculating specificatly the con-
ductance coefficient gyy (as well as (gz1 + gsa1) and {gs; + ge1)).

Again the interfaces are required to contain no lattice sites, to allow a unique
definition of

1 . .
Hés),;uD),Um_ 5= > &) H; 3o {d'] (19)
IE(SaUD),i ey, St

.= g® (1
H® = H(SnUD);UJ;e. S + H(S,.UD},UM,‘ L (20)

H® .= H - Y, (21)
H() js the Hamiltonian corresponding to the subsystems (S, U D) and §,,{ =

1,...,Np,l # n, separated by a hard wall erected on the interface /. The transmis-
sion current flowing from branch n to branch m through J,, is recognized to be the
superposition of the states |,) = (14 GOT)|plM), for [¢f) = s pylel) =
[, }5»UD) (complete set on (S, U D)) and ¢, € [Ep, Ep + e86V]; and in branch
m is built a fictitious absorption mechanism.

The corresponding differential conductance then is given by

G = =5 T [TL (5009 (G2 = G T 5,00 (6 ~ G2umy)] @)
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where T, G and G refer to the Hamiltonians (1), (19)—(21), and low indices indicate
on which subsystems these operators have been projected, as in the preceding section.
Again the four implicit sums in the trace only run over the interface 7.
The hidden difference to the two-branch system, is that now J TB borders on the
(S, U D) side the whole collection of interfaces J;,1 = 1,...,Ny,l # n, and not
just the interface J,,.

5. Comparision with Baranger and Stone’s formalism

The purpose of this section is to compare expression (22) for the differential con-
ductance coefficient to the one rigorously derived by Baranger and Stone [4] from
linear-response theory. For this comparision the multi-branch system is restricted to a
two-dimensional multi-lead probe (see figure 3(a)), which is the system considered in
[4]: the branches are here straight, ordered leads. Ordered means in this context that
the local potential is invariant under translations parallel to the lead. In each lead I,
C; denotes a cross section line located in the asymptotic region of lead I, where the
electric field is zero. A local coordinate system {x;,y;) is defined, the x;-axis being
parallel to lead ! and pointing to its asymptotical region (see figure 3(b)). Explicit
use shall be made of the local coordinates belonging to the cross-section lines ; by
convention, in each lead I, the origin of the x;-axis is chosen so, that the equation
z; = I+ 1/2 defines the cross-section line C;. In the asymptotic region the magnetic
field is required to be perpendicular to the leads and constant in each lead L.

Y1

Asymptotic
region of
lead «

Figure 3. (a) An arbitrary multiprobe structure. A possibly disordered region (hatched)
is connected to Ny, straight, ordered leads which are used to feed ctrrent or measure
voltage. (b) Asymptotic region of lead I, C} is a cross-section line in lead [ located in
the asymptotic region (non-hatched) where the electric field is zero. A local coordinate
system {xy, ;) is defined, the x;-axis being paralle! to lead I, pointing to its asymptoticat
region, and having the origin such that the equation z; = I+ 1/2 defines the cross-
section line Cy.

Following {4], the conductance in scattering language involves eigenstates of the
infinite perfect leads and transmission amplitudes between them, for energies near
the Fermi level.
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Given an infinite perfect lead { in a Landau gauge with translational symmetry in
the x, direction, its eigenstates can be written as (equations (55)—(58) in [4])

£0(z) =

= etifer FO(y) (23)

where 0% is defined as the outgoing particle flux carried by |¢F (')) through the lead
cross section C;, and the xs are normalized as

Y IO =1 (24)
b1

and satisfy the reduced transversal Schrédinger equation.
t is defined as the transmission amplitude for going from mode a in lead

mn,ca

n to mode ¢ in lead m; the transmission amplitudes appear in the scattering-wave
states as (equation (79) in [4])

':,b:'a(z) — E;(“)(zn) + thm'mfj(“)(:un) z in lead n
P o(#) — Y ol ™(z,)  zinlead momEn  (25)
where

ZE = ]da 6(e —e,)

denotes a restricted sum over a at energy . Baranger and Stone’s expression for
the conductance coefficient from lead » to lead m is (equations (77), (89) and (B16)
respectively, in [4])

2 =
0mn = o [ e l-F N Wirneal? mEn  (26)
tmn,ca = ihf;mn,ca m ?& n (27)
ik
tm"”m = _}ez(E:(m)lKoP(m)GeKop(n)]‘E:(n)) m # n. (28)

Here G, is the causal Green function; K,(!) refers to lead ! and is a Hermitian
operator which represents the current going through the bonds between the columns
py=1land oy =14 1:

e L]
Ky == Er (VLI + 1,0,] = VS + 1,00 1 )
with

Ve = (L1 | H )+ 1,1,) (29)
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where the sites are labeled by pairs of integers in the local coordinates (2, y;)-
For T =0, g,,,, only depends or the Fermi energy £ = Ey as

h £
Gmn = 52, [(EH™MKp(m)G Koy (n)[E7 M) (30)

Equation (30} can be rewritten as

A £ *
Gmn = 211‘32¥ (65(“’|Kop(n)GIKop(m)zc: 1IN MK p(m)

% G, Kop(n)lg7 ™) (Y

and simplified by proving that
Kop(m) 3 [EH™NEH™)| Ky (m) o Kop(m)

~ on the subspace of interest.
The asymptotic behaviour of G, and G} between different leads is (see equation
(66) in {4] and the adjoint of it)

G T 20} = 3 FlimoabT™ ()7 (2,,)

a,c

Gl Tm) = Z’f:,m,m*s:‘"*’*(zm)fc-(“’(z,.),(m £n). (32

a,c
The current conservation identity (equation (B11) in [4)),
(Ef!Kop(n)IEf’) = i'e'saa"

for €, = £,, implies that for states all at the same energy e:
(€K p(m) 3 IEEMNET ™ K () 657)) = e(€d ™| Kop(m) g ™)

50 equation (31) simplifies to

h €
= oY (&M Ky(n)GLK,(m)G, K p(n)lE; ™). (33)

Imn = ore -

Now the equivalence will be shown between equations (33) and (22).
In each lead !, P, shall denote the projection on z; =1, F,_, the projection on

BV Py =Y Vi LN+ 1,0, (34)
II‘
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with the lattice sites in the local coordinates =,

P, VIR = (BVP,). (35)
1
H((S)..UD),U““S; = Z RV Py, (36)
Il#n
1), g an
H( ) - — H(SHUD)IU3¢5 sl + H(S"UD)’U’#“ Sl (37)
H®:= - F®), (38)

H(©®) corresponds to a system with hard walls on all the cross sections except on C,.
The partition of the multi-lead probe is fully analogous to that of the multi-branch
system in the preceding section; for I # n, the previous interfaces J; are now straight
cross sections C;. Using the same notation as before, S,, is the disconnected part
of lead m, and (S, U D) is the subsystem connected to the reservoir n, D denotin

the disordered part of the N;-lead system limited by the cross sections. T and G©

are labeled again according to their projections on the subsystems. In particular

Ts, s.up) = Ps5, TFs upy = mar(HO + HOGHOY S P (39)
I#n

Equation (33) then reads

1 (4 w(n tn
Ima = #2_7rE {(e: )!K"P(R)GfPmVPm-HGKop(n)I‘fu( )
— (6a ™MK op(n) G Py VI P GR (€7 1)
i € in
= — 5= Y UE PG WIGD oy + Gy HOGN PV Py

x G(sﬂz. T (s.uD) Gg?gj_un)Kop(nNE;{“))
- (f;(n”Kop(“)Gg?:uD)Tstm(s,.uD)G(;.lt Pp, VP,
x [G{Q upy + GHOG )l Kop(m)I€ ™)) (40)

From equations (34)-(37) and the fact that the cross sections C; do not intersect
each other, it is evident that P,V P,, ., = HMP, ., so that

(G{up) + Clumy HIGN PV Py = Glup) [HD + HOGTHON P,

To get rid of the operators K, (n), it can be observed that
ih -
I‘toa> = (‘P[n+1,oo[ + ?Ggos)nup) I{op(n)) lfa. (n))

is the state that develops on (S5, U D) from the eigenstate |, (”)) of an infinite
straight, ordered lead =, by first cutting it at =, = (n + 1/2) and then attaching the
[n+ 1, c0[-part of it to D. This process is discussed in appendix A and schematicaily
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infinite lead n

n fn+1) Xn

s C5=Cn

Figure 4. (a) Lead n attached to the disordered part
of the device, n» = 5, that is system {5, U D) of
section 5. There is a hard wall along the cross section
of each lead except in lead n = 5. (&) Disordered
part D of (8, U D)} and infinite straight ordered lead
— X n =5 (S _co,00f)» 0Ot yet connected. (c) The | —
n' oo, #']—part of lead n (Sj_,; 1)

consists of passing from the disconnected system in figure 4(b) to the disconnected
system in figures 4(a) and 4(c) respectively.
Equation (40) then becomes

0 0
mn = 2«&22 (] Sm(s..UD)(G() Ggit)TSm(SnUD)I‘Pa>'

This is now a sum over all the scattering-wave states at energy ¢ belonging to the
subsystem (S, U D). The same algebra as displayed in equation (17) relates this
sum to the unperturbed Green function on (S, U D). The determination of the
normalization factor presents some subtleties, which are deait with in appendix B.
Equation (B5) expresses the correctly normalized relation. Making use of it, (41)
finally turns into equation (22). This proves the equivalence between equations (33}
and (22), which are in turn Baranger and Stone’s conductance coefficients and the
ones derived in this paper, for the discretized case and zero temperature.

Note, the differential conductance g7, at an arbitrary temperature 7 can be
expressed, in electrical linear respomse, as a Fermi-statistics weighted integral of

92=0( Ey) over the whole continuum spectrum:

G = [de[-f()gh50e)
(see for example equation (77) in [4], which is reproduced here as equation (26)),

so, with this method, the differential conductance at arbitrary temperature takes the
form

(] ez
G = /ds (~f (5)]( - “,T) Tr [(Gﬁ‘é uD) G(Ds} UD))TSI‘“(S,UD)

x (G.fso,?. - G(sn,lt) TS,..(S..UD)] (41)
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where of course the equivalence to [4] still holds.

In the frame of particle independence, while the formula (41) for an arbitrary
T expresses the differential conductance in electrical linear response, its (T = 0)-
version (see equation (22)) is an exact expression for the differential conductance, as
can be verified by its derivation in sections 3 and 4.

6. Conclusions

A new useful expression for the conductance coefficients of multiprobe systems has
been presented in discretized space: it is suited to the mesoscopic phase-coherent
regime, within the independent-particle approximation. The derivation is transparent,
based on physical arguments, and the agreement with analogous resuits from linear-
response theory has been proved.

An important new aspect of this formula is that no specific assumptions are made
on the asymptotic region of the terminals (called branches to stress their arbitrari-
ness), except that they are connected to chemical potential reservoirs. Hence, on
one hand, geometries other than multi-lead systems could become of interest and are
treatable within this approach, provided that the Green function (GF) of each arbi-
trarily disconnected branch is known on the end surface. There is a consequence, on
the other hand, relevant for the presently considered multi-lead systems, concerning
the lattice site set on which GF knowledge is required: instead of lead cross sections
the absence of asymptotic assumptions allows the interfaces to be chosen freely, as
long as the required topology is respected. Numerical efficiency can only benefit from
this flexibility.

A peculiarity of this conductance expression is that it involves, beside the t-
matrix, the individual GFs belonging to different subsystems of the partitioned device.
In usual algorithms, these individual GFs need to be calculated anyway to extract
the t-matrix (or the full GF of the whole device, as is required by the conductance
expression in [4]). Using these individual GFs explicitly in the conductance expression
reduces, for few leads, the number of cross section columns on which GF knowledge is
required (see [4] for a comparision). This gives rise to a further gain in computational
efficiency.

For numerical applications, this conductance expression is naturally suited to be
incorporated in finite-difference techniques (slab-by-slab linking [7] or particularly
bond-by-bond linking [6]): starting with the GF elements at the end surface of an
arbitrarily disconnected semi-infinite branch, the structure is grown, say bond-by-
bond, and at each step the projection of the GF of the current cluster is known on
the growing surface. Growth continues until hitting the interface (or collection of
interfaces) of the chosen partition. The same procedure is repeated for each other
branch. In the end this process supplies the GF elements entering the conductance
expression, and needs no updating in addition to that required by the growth itself.
Avoiding intermediate finite clusters spares GF singularities and confers a remarkable
stability to the algorithm.

For the presently considered multi-lead systems, where each straight ordered lead
is subject to a perpendicular constant magnetic field and a local, longitudinally invari-
ant potential, the initial set of GF elements of a semi-infinite lead can be calculated
following the elegant method deseribed in [8).
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Note, a tight-binding approach to muitiprobe systems which also grows clusters
starting from semi-infinite leads and obtains the conductance by means of various
quantities, recursively updated only on the growing surface, is described ir [9].

As examples of other branches which may become of interest and be treated
with this method, could be mentioned a half plane under constant magnetic field
connected via an arbitrary finite lead to the central part of the device, or a branch
obtained by adiabatically widening a lead to a large region (which is the reservoir).

This conductance expression, incorporated in bond-by-bond finite-difference cal-
culations [6], has been successfully tested for a wide collection of simple two-lead
systems and for a four-lead system (a ballistic cross). Calculations on more complex
and new systems are underway.,
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Appendix A

This appendix relates to the multi-lead system of section 5. The system is not the
original one, there are hard walls on each cross section C;, for { # n. The subsystem
(S, U D) consists of the lead n attached to the disordered part D, limited by these
hard walls on the other leads. An expression is derived for the states that develop on
(5, U D) from incoming eigenstates of the infinite straight ordered lead n, 5|. o, o[-

Start with the disordered part D and the infinite straight, ordered lead Sj_ o
not yet connected, where a hard wall on C,, between z, = n and =z, = (n + 1),
marks the boundary of D on lead n (see ﬁgurc 4(b)).

At n' the coordinate z,, takes the value n, the prime indicates that it refers to
sites on the infinite lead §)_, r, whereas n refers to sites on D.

Let H = Hm} + Hg (D) be. the Hamiltonian corresponding to the system
of figure 4(b). The Hatm]toman (H( s.py + H 8y *:)’ corresponding to the two

disconnected systems (S, U D) and S)_, ./ (see ﬁgures 4(a) and 4(c) respectively),
is restored by acting on the system of ﬁgure 4(b) with the perturbing Hamiltonian

H[1)=[_(Pn‘VPn+1+‘Pn+1V Pn")]+[PnV +1+ n+1v 'Pn] (Al)

where the first bracketed summand breaks the infinite S into the two semi-

]-o0a,00f
infinite 5)_, nq and Sp, 4y o[> 2nd the second bracketed summand attaches S, 11 o1
to D. (BV P, and P HVTR contain the original Hamiltonian bonds across the
cross section C;, their definition was given in equations (34) and (35).)

IEZ(")) (see equation (23)) is an eigenstate of H s‘;_” o O1 the infinite lead

and therefore an eigenstate of H®). Under the action of H} it develops into an
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eigenstate |t} of H, whose projection on (S, U D), |@,) := Fg up)l¥.), is given
by

|"Pc) = PS[,,.,.;.,Q{ [‘f;(n)) + G(S.,UD)("Pn-i-IVt Pn' + PnVPn+1)IE;(R)>

- "
= (Psp o + = Cisaumy Kap(mIE ™). (A2

Appendix B

We consider in this appendix the multi-lead system. It has been partitioned into the
subsystems (S, U D) and S}, # n, by erecting hard walls on the cross sections C;
for I # n. This partition is referred to as the unperturbed system as was done in
section 5, with corresponding H(® (defined in equations (36)~(38)) and G®). Only
the projection of G(® on (S, U D), G??,u py» Will be considered, and the purpose is
to determine the normalization factor entering the relation between Green function
and scattering-wave states at same energy on the subsystem ( S, U D), to make the
link between equations (41) and (22).

The causal Green function G of the full Hamiltonian H on the bare multi-
lead system (without hard walls) must satisfy the same boundary conditions as the
scattering-wave states in equation (25). Therefore Gﬁ?ﬁu p) satisfies the same bound-

ary conditions as the incoming functions |£, (“)) in lead n plus backscattered waves
on (S, U D). The eigenfunctions of H{°) are either scattering-wave states of the
form

ih
[92) = (Psypy oy + = Citumy Kop )T ™) (B1)

(see appendix A) or bound states. Note G{bgﬁd = G{b?,lnd, hence

G2 o0y (&) = G2 py() = GLF. i pysean(®) — GioN Dpsean(€)
= ---—2‘i7rfda Ma(s—%) (B2)
NG

(see equation (17)).
The normalizing factor N,, can be determined by looking at the completeness
relation of the set of eigenfunctions iff"')) on an infinite Jead:

9™
1= [ da S (IEr e ™+ 1 He ™)
from which

Na'" 2w

=~ (B3)

We now make explicit the link between [ da and

zﬂ:z = fda d(e —e,)
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for the scattering wave states of H(°) on (S, U D). In virtue of the one-to-one
mapping relation (B1) it is sufficient to look at the dispersion relation of each channel
in the infinite lead n.

e \"1 1
— _E (%5 =Z Lt
/da....% fdk_ _,- fde,(ak) _,- jdi’hvﬂ(;’)

1 < 1 _ .
=Y [y = [ Gy ke @9

where 9{™, defined as the outgoing particle flux carried by |£(™)), has been identified
with the reversed longitudinal velocity,(—vl(™), of |¢-™)).

Finally gathering (B2),(B3) and (B4) yields the expression

i £
G uny(&) = Gluny () = 23 lea)wal.
a
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